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In this paper we study solvable Q-transitive permutation groups. Two 
families of groups play a special role here and we define these first. Let q be 
a prime. We let Y(q”) be the set of all semilinear transformations on the 
finite field GF(q”). Thus Y(q*) consists of all the transformations 
x -+ au(x) + b 
with a, b E GF(qn), a # 0 and u a field automorphism. Clearly this is a solvable 
group, doubly-transitive on GF(q”). We let $(qn) be the group acting on a 
2-dimensional space over GF(q”) which contains the following transforma- 
tions 
and 
with a, b, c E GF(qn) and a # 0. We see easily that YO(qm) is solvable and if 
q # 2 then it acts $-transitively on the 2-dimensional space. Our main result is 
THEOREM. Let 5j be a solvable Q-transitive permutation group. Then $ 
satisfies me of the following. 
(i) X, is a Frobenius group 
(ii) $5 C .9’(qn) for suitable qn 
(iii) $5 = YO(qn) for suitable q”, q # 2 
(iv) $ is one of aJinite number of exceptions. 
Unfortunately we obtain little information about the exceptions other than 
an unpleasantly large bound on their orders. On the other hand, exceptions 
do exist even in the doubly transitive case so we could not hope to eliminate 
(iv) above entirely. 
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Let F(qn) be the subgroup of Y@) fixing the element 0 E GF(pn). Then 
F(Q”) is a solvable group of automorphisms of the additive group of GF(q*) 
and it acts transitively as a permutation group on the nonzero elements. It of 
course consists of all the maps 
x -+ au(x). 
Similarly let &(p”) be the subgroup of YO(qn) fixing the zero vector. Then 
F&n) contains all transformations of the form 
Thus for q # 2 we have a group of automorphisms of a vector space which 
acts half-transitively on the nonzero vectors. 
In the course of the proof of the main theorem we first consider automor- 
phism groups of vector spaces which act half transitively on the nonzero 
vectors. Then we piece these groups together to obtain the permutation 
groups. 
1. THE IMPFUMITIVE CASE 
Our first result does not require the assumption of solvability. 
PROPOSITION 1.1. Let Q be a group of automorphisms of elementary abelian 
group B where 1 % 1 = qa and suppose that 8 acts half-transitively but not 
semiregularly on !8#. Suppose further that the representation of 8 is induced 
from a subgroup $j of index 7 > 1. Then 7 = 2 or 3. 
(i) If r = 3, then 0 is the semidirect product of a cyclic group of order 9 by a 
group of order 2 acting in a dihedral manner and 1 B 1 = 2%. 
(ii) If 7 = 2, th en o course 5 A 6. suppose as an $+nodule we have f
B = !I& i By where B3, and !.& are conjugate in 6. If Ri is the kernel of the 
action of sj on Bi , then .$/Ri acts transitively on ‘Big and 1 Ri 1 < 2. Moreover 
for all x E %?#, 6, is a 2-group. 
We start with a lemma. 
LEMMA 1.2. Let 6 be a half-transitive group of automorphisms of vector 
space B. Let N denote the number of distinct groups 8, with x E %#. If 6 acts 
semiregularly then N = 1. If 6 does not act semiregularly then N 3 1 !B Ill2 + 1. 
481/7/2-4 
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Proof. We can clearly assume that 6 does not act semiregularly. We then 
have the following disjoint union 
!I%# = u C&!&y 
where the union runs over the N distinct 6,. Let n = dim B and 
t = max dim C,(S,). Suppose first that t < n/2. Then if 1 !B / = q” we have 
and 
q” - 1 = 1 %+‘ 1 < N(qt” - 1) 
q’” + 1 = 1 %I j1’2 + 1 < N 
so the result follows here. 
Now let t > n/2 and say t = dim C,(Q,J. If 6, # ojsO then 
C&(6,) n CB(QEO) = (0) so dim C&&J < n - t. Thus 
qn - 1 < (qt - 1) + (N - l)(qn-t - 1) 
and since n/2 < t < n we obtain 
and the result follows. 
qfn < qt < N - 1 
Proof of Proposition 1.1. Let the representation be induced from sub- 
group .$ < 6 with [Q : $1 = r > 1. Let Yr , Y2 ,..., Y, be a set of right 
coset representatives of $5. If U is the appropriate $-submodule of %? then 
Let G E 6 with Y,G = HiYip and Hi E $. Here the map i -+ i’ is the permu- 
tation representation of Q on the right cosets of $5. If 
then 
vG = c (u,H,) @ Yi# . 
Let v E (U @ Yi)# so that v = e, + Cjzi 0 @ Yi . In the permutation 
representation of 6, on the cosets of $5, 6, clearly fixes qjYi and hence 
6, C .fjyd. If R1 is the kernel of .sj’d on U @ Yi then $jy*/sli acts half-transitively 
on (U @ YJ#. Note that the groups RI , R, ,..., ~3, are all conjugate in 6. 
Now let vi E (U @ Yi)#, vi E (U @ Yj)# with i # i and set 
v = vi + vj + c 0 @ Yk . 
k#i,j 
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We have a homomorphism of 0, into the symmetric group on {i, j} and the 
kernel is clearly 0,+ n O,, . This yields [QV : 0,$ n 0,J < 2. Since 
] 0, ] = / BVi I= I0,, ) we have [OV,: Ouln Q,,] < 2 and [QV : 0,p 0,] < 2. 
Let p be an odd prime. If ‘p is a Sylow p-subgroup of OVr then by the above 
‘p C (ljV, so ‘$ is also a Sylow p-subgroup of 0,, . For fixed V~ we see by 
varying V~ that ‘$ centralizes C,+i U @ Yk . Since p is also a Sylowp-subgroup 
of 0,, we see that !# centralizes Ck,+j U @ Yrc . Hence ?, centralizes 8 and 
9 = (1). Thus 0,, is a 2-group and hence for all x E %#, 0, is a 2-group. 
The above argument also shows that @(S,i), the Frattini subgroup of Q,( 
centralizes Ck fi U @ Yk. Since BVi > Ri we see that @(RJ centralizes ?!J and 
hence & is elementary abelian. 
Now we assume r 3 3. Let vi E (U @ Yi)#, nj E (U @ Yj)# and 
vk E (U @ Yk)# where i, j, K are distinct. Set 
v = Vi + vj + vk + &i,j,k 0 8 y,, . 
We have a map from 0, into the symmetric group on {i,j, K} with kernel 
q n 6, n svk. Since 0. is a 2-group and ( 0, I = 6 we have 
[0, : 0,‘ n Oi,, n OVJ < 2 and hence [S,$ : 0,‘n Q,, n Q,;] < 2. 
Let vi E (U @ Yi)# and V~ E (ZI @ Y,)# with i # j. Suppose that 0,( does 
not centralize vj . We show now that [0,1 : 0,$ n Q,,] = 2 and 0,‘n 0, 
centralizes CkZi,j u @ Yk. Let vk E (tl @ Yk)# with k # ;, j. By the abov: 
[O,i : 0,* n O,, n 0vJ < 2. Since 0,* # OV, we have 0, > (S,* n Q,,) so 
this follows. 
We show next that for all v E 8#, I 0, ] = 2. Since 0 does not act semi- 
regularly by assumption we have of course 1 0,I > 2. We consider two cases 
separately. We say 0 is type 1, if for all i, $jY’/Ri acts semiregularly on 
U @ Yi , and 0 is type 2 if for all i, 4jY*/Ri does not act semiregularly. 
Since all the .Eiy’/Bi acting on U @ Yi are conjugate, 0 is either type 1 or 2. 
First let 0 be type 1. Let vi E (U @ Yi)#. Then 0,‘ = St6 # (1). Thus 
there exists j # i and vi E (U @ Yj)# such that Ri does not centralize v, . 
By the above since Rj = B,,, we have [St, : Ri n Rj] = 2 and Rz n R3 
centralizes xkZi,j U @ Y, . Since Ri n Ri clearly centralizes U @ Yi and 
LI @ Yi we see that RRi n S+j = (1) and hence I Ri 1 = 2. Thus in this case 
we have for all w E %J#, I 0, I = 2. 
Now let 0 be type 2. Given i $1 j and We E (U @ Yi)#. If 0,( centralizes 
U @ Yj then J$ > 0,< 2 fii . Since I Ri I = 1 & I this yields 0,$ = Ri . Hence 
since ay* acts half-transitively, it acts semiregularly on lf @ Yr , a contra- 
diction. Thus we can choose q E (110 Y,)# which is not centralized by 0,* . 
Similarly if k # i, j we can choose ok E (U @ Yk) # which is not centralized 
by 0o<. By the above results, 0,‘n Q,, centralizes &i.j U @ Y,, and 
@ivi n 0,& centralizes &Zi,k u 0 Yh . 
196 PASSMAN 
Thus 
centralizes Chfi U @ I;h and [SVi : %R] = 2. Clearly %lI C slj for allj f- i and 
I @hi I > I fii I = I % I. Th us ‘%R = Rj for all j # i and [S,* : RJ = 
[S,+ : ~$1 = 2. W e h ave shown that if j, k # i then Rj = Rk . By symmetry 
we see that for all i, j, Ri = & = RR. Thus R centralizes 2I and R = (1). 
Since [O,‘ : RJ = 2 we have finally / B,* I = 2. 
We note now two trivial facts. First 8 is not an elementary abelian 2-group. 
Otherwise since 8 acts irreducibly it would have order 2 and act semiregularly 
on !B#. Second, the representation of @ on U is not the identity representation. 
Otherwise choose u E U# and set z, = C u @ Yi . Then er # 0 but 8, = 8. 
Since for u E U#, ) 6, I = 1 .fj, I = 2 this implies that ( .sj I 3 4. 
We now proceed to do some counting. If v E LI# then / $5, I = 2. Hence if 
5 has s orbits on U we have 
s I 5 l/2 = I u# I. 
Let N be as in Lemma 1.2. Then by that lemma, N > I % ]1/2 + 1. Since 
) !I3 1 = 1 U I7 = (1 + 9s I $5 1)’ we have 
N >, 1 + (1 + 4s I-5 I)“’ c*> 
Here of course N is the number of noncentral involutions of 8. 
Let r > 4. Since @I is not an elementary abelian 2-group we have 
N < 3 I 6 (/4 by [I] (page 98 Exercise 1). Hence iV < 3r 1 $ l/4 and (*) 
becomes 
3r I5 l/4 b 1 + (1 + Bs I .sj I)+’ (**) 
or 
3r I B l/4 > (1 + 4s I5 I)“. 
The latter becomes easily 
(3r/4)“” > 1 & I-z’r + gs / $5 [l--2’?. 
Since I > 4, this inequality is strongest at r = 4. Thus we have 
31’2 > 1 Jij 1-1’2 + 4s I 8 11’2. 
If s > 2, then 1 $5 1 < 3, a contradiction. Thus s = 1 and the above yields 
8 > 1 $j I. Since 2 1 I$ I we have 1 sj I = 4 or 6. 
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If 1 & 1 = 6, then (**) yields r = 4. Since ( U# 1 = 4 ] Jj 1 we see that 
/ U 1 = 4. Hence a Sylow 2-subgroup of 8 which has order 2r = 8 has a 
fixed point on %, a contradiction. 
Let 1 fi / = 4 so that 1 U# ] = 2 and hence I U 1 = 3. By (**) we see that 
r = 4 and hence 1 (lj 1 = 16. Choose subgroup m of (F, with 8 > m > 8. 
Then the representation is induced from one of m acting on a space m with 
1 PJ 1 = 9. By Lemma 3.1 of [4], ‘%R acts transitively on %JJ# and since 
I5JI / = j m# 1 = 8, !lJI acts regularly. This is a contradiction since $j does 
not act semiregularly on U. 
Thus we have shown that r 3 4 cannot occur. Now let r = 3. If 5 A '8 
then every involution of @J is contained in 5 and hence N < 1 5 /. Equation 
(*) yields a contradiction to this. We note also that if N < 3 I $j (/2 then (*) 
yields / .sj 1 < 12. 
Let % be the maximal normal subgroup of 8 contained in $. Since 
[8 : $1 = 3 and 8 is not normal in 8 we see that S/% is isomorphic to the 
symmetric group of degree 3 and order 6. This group contains three involu- 
tions. Let A, B, C, D be coset representatives of % corresponding to !R and to 
the above mentioned involutions. Clearly any involution of 8 is contained 
in~Au~Bu~Cu~DsoN~4~mI-1=2l~I-l. 
Suppose that % is nonabelian. If %A contains an involution then let A be 
one such. Then for G E % we see that GA is an involution if and only if 
GA = G-l. By [I] (page 98 Exercise 1) there can be at most 3 1 % j/4 such G. 
Similarly for the other three cosets. Thus N < 4(3 1 111 l/4) = 3 I & l/2. As 
we mentioned before this implies that I 5 I < 12 and thus j % 1 < 6. This 
contradicts the fact that 8 is nonabelian. Thus W is abelian. 
Since N < 4 I 8 I - 1, equation (*) yields 
(4 I 8 I - q2 b (1 + s I % I)“. 
Since / 111 I > 2 this yields s = 1. With s = 1, the above then gives I fl I < 11. 
If I U I = qw, then since s = 1, I 112 I = qw - 1. Thus we have the following 
possibilities. 
l!Rl= 2 q= 3 w=l 
3 2 2 
4 5 1 
6 7 1 
7 2 3 
8 3 2 
10 11 1. 
Now r = 3 so 3 1 1 8 I. If q = 3, then a Sylow 3-subgroup of 0 would 
have a fixed point which is not the case. Thus ) % / # 2,8. If / ‘% 1 = 6 or 10, 
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then since % is abelian it has a unique element of order 2. This shows that 6 
has a nonidentity central involution. By Lemma 6 of [3], dim 23 = 3m is 
even, a contradiction. Now let 1 R 1 = 7 so that 1 0 1 = 2 * 3 . 7. Then all 
nonidentity involutions are conjugate and if A is one such then 
N = [U : C,(A)] < 9 / 6 j = 3 / $j l/2. A s we mentioned before this implies 
that 1 -fi 1 < 12 and hence ) !.R 1 < 6, a contradiction. Let 1 % 1 = 4 so that 
dim % = 3. Hence Q has no central nonidentity involution. If A is an element 
of order 2, then A is conjugate to B # A. Since / 8,] = 2 we see that 
C&X) r\ C%(B) = (0). Since these two subspaces of % are conjugate under 
8 this yields clearly dim C&t) = 1. Hence N = (q3 - I)/(q - 1) = 31 
since 4 = 5. Since j cti / = 24 this cannot occur and 1 8 1 # 4. 
It remains to consider / % [ = 3. Then 1 6 1 = 2 * 32. Let ‘$ be a Sylow 
3-subgroup of 8. Since !Q acts semiregularly it is cyclic and since [U : 591 = 2, 
‘p is normal in Q, Now N # 1 so that (5 has more than one nonidentity involu- 
tion. This shows easily that Q is the group described in (i). We show now that 
this case occurs. First 8 has a subgroup of index 3 which is a nonabelian 
group of order 6. This group has a unique irreducible representation of 
degree 2 over GP(2). The induced representation yields one of 8 of degree 
6 over GF(2). Since 9 / 26 - 1 but 9f2i - 1 for 1 Gj < 6 we see that Sp 
and hence (5 acts irreducibly. Thus Ip acts semiregularly and since [&j : !@I = 2 
we see that for all x E %I#, 1 (5, I = 1 or 2. All nonidentity involutions of 8 
are conjugate and hence they centralize the same size subspace in II). Since 
these subspaces must have trivial intersection by the above we see that 
dim C&l) G 3 for involution A # I. On the other hand from the Jordan 
form of a matrix of order 2 over a field of characteristic 2, we see easily that 
dim C,(A) > 3. Hence dim CB(A) = 3 and 1 C&A)#I = 23 - 1 = 7. 
Since 8 contains 9 such involutions we have 
I&(A)#/=9*7=26-l =li!PI. 
A 
Thus 8 acts half-transitively. 
We complete the proof by studying the r = 2 situation. Here $ A Q and 
$/al acts transitively by Lemma 3.1 of [4]. We have shown that St, and 9, 
are elementary abelian 2-groups. Since fii A 5 and St, n Xt, = <l> we see 
that % = RrR, is a normal elementary abelian 2-subgroup of 5. Moreover 
Ql A Q. If ( 5$] 3 4 then 1 % ) 3 24 and hence the representation of Q restrict- 
ed to U must break up into at least four inequivalent irreducible representa- 
tions of 2l. But this would imply that the representation of Q is induced from 
a subgroup Z with [8 : 21 > 4, a contradiction. Hence I Ri 1 G 2 and the 
result follows. 
We now obtain our classification of the solvable imprimitive groups. 
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PROPOSITION 1.3. Let 6 be a solvable group of automorphisms of elementary 
abelian group ‘23 where 1 B / = qn and suppose that 0 acts half-transitively but 
not semiregularly on B#. Suppose further that the representation is induced from a 
subgroup $ of index Y > 1. Then n = 2w is even and we have either 
(i) we can identify % with the additive group of GF(qw) j- GF(q”) in such a 
way that 6 = YO(qW) and q # 2 
(ii) 1 B 1 = 34 and 6 is isomorphic to a central product of the quaternion and 
dihedral groups of order 8, or 
(iii) 1 !lI 1 = 26 and 6 is isomorphic to the dihedralgroup of order 18. 
Note that the Sylow 2-subgroups of Y&w) have an abelian subgroup of 
index 2 while Q in (ii) above does not. Hence it is clear that all three cases 
above are distinct. 
Proof. We apply Proposition 1.1. If oj, satisfies (i) then we have case (iii) 
here. So we use the structure of Q as described in Proposition 1.1 (ii). We 
assume first that 1 RI 1 = 1 St, 1 = 2. Let x E !Br#. Since a/R1 is solvable and 
acts transitively and since (ti, is a 2-group we see that &JR1 is cyclic by Lem- 
ma 2.4 of [4]. Then Ei, has at most two generators. Let 0,) 9, , 8, be the at 
most three subgroups of 0, of index 2. Let y E B2),#. As we showed in the 
previous proof, [@J, : Q, n t&] < 2. Thus for some i = 1, 2, or 3, (li, > Bi . 
This yields ?&a = ur3 CmJgi). S ince 0 has a normal 2-subgroup it follows 
that q # 2. Then for some i, C&J&) = B), and [S, : 0, n RJ < 2. If 
) &?,I > j a, I then we have clearly (li, > R, . Since R, A $5 we see that R, 
centralizes all conjugates x$ and hence R, centralizes ?XJr. This yields 
R, = (l), a contradiction. Hence 8, = RR, and a/R1 acts regularly on 23i #. 
Similarly a/Ra acts regularly on %%a#. If I!&( =~~a~=qw, then 
I 5 I = 2(qW - 1). 
Let sii = (Aa) and set 2 = A,A, and 3 = (2). Clearly 3 is central in 
8. Since ojo = R, above we see that for all v E %J#, I 8, ] = 2. By Lemma 6 
of [3], 8 contains exactly qw + 1 noncentral involutions. Since $/Ri acts 
fixed point free we see that all involutions of $j are contained in R,R, . Hence 
5 contains two involutions which are not central in 8. Let B be an involution 
in 0-5 and let B = {HE $1 HB is an involution}. By the above 
101 =(qw+1)-2=$1$1. Clearly HEO if and only if Hs=H-l. 
Consider the set A#. If A,H E A&? then (A,H)s = AIBHB = AaZV = 
ZA,H-l = Z(A,H)-l since A, is central in .li. Thus !i? n A&! is empty. Now 
we have 12 I = 1 A# / = 4 15 1 so that L! u A# = 5. 
From the nature of 0 and A# we see that the action of B on a/3 sends 
every element to its inverse. Hence 5/3 is abelian and since 3 is central, 8 
is nilpotent. Since a/& acts regularly we see that sj,* is cyclic and $a/% is 
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either cyclic or quaternion of order 8. This follows since 8’ _C 3 and hence 
generalized quaternion groups cannot occur. 
Suppose first that -$a/& is the quaternion group of order 8. Then clearly 
dim !&. is even so w = 2~. Now 3&p cannot act irreducibly on !B3( since its 
centralizer contains $a/& and is not abelian. Thus we have 1 3& 1 = 
2 1 $jse j < 4” - 1. Since 1 $j / = 2(qzs - 1) we obtain 
2(q2” - 1) = 16 j $ja* 1 < 8(qQ - 1) 
or qv + 1 < 4. Hence qW = 3 and $a, = (1). By Case 4 of [3], @I is the 
group of order 32 in part (ii) of the statement of the proposition. 
Now let &a/& be cyclic so that $a is abelian. Then Jj is abelian and 2 is 
clearly a subgroup of Z$ normal in 8. Now 5 = 2 u A&? so that sj = 2 x R, . 
Clearly .f! is cyclic of order q w - 1 so that we can identify it with the multipli- 
cative group GF(q”)#. From the nature of the action of B on $5 we see easily 
that 8 N YO(qw). 
We must now consider the case R, = R, = (1). By Lemma 3.2 of [4] we 
see that (5 C GL(4,3) and 8 =gp(A, B, C / A* = 1, B2 = 1, C2 = 1, 
C-lAC = A, B-IAB = A3, B-X’B = CA4). Set A, = ACso that A,* = 1 
and B-lA,B = Al-l. With this we see easily that 0 = Y0(32). This completes 
the proof. 
2. THE PRIMITIVE CASE 
In this section we study normal p-subgroups of 0. We say group & is type 
E&J, m) with m # 0 if @ has the following structure. If p > 2, then (E is an 
extra-special p-group of period p with [E : E’] = pzm in the notation of [2]. 
Ifp = 2 the / E’ ] = 2,Z(E) > (5:’ is cyclic, E has period 4 and [(.E : Z(E)] = pzm. 
Properties of these groups are rather well known. Our first result is as follows. 
PROPOSITION 2.1. Let 0 be a group of automorphisms of elementary 
Abelian group %I where 1 % 1 = q” and suppose that 6 acts half-transitively on 
%#. Let (5 be a group of type E(p, m) with (F A 6. Then we have 
or 
p=2 m < 10 
p=3 m < 4. 
It is quite possible that the p = 3 cases do not occur. However the special 
cases involved seem to be quite messy to eliminate and we do not bother 
with them here. Also for p = 2, the bound m < 10 is probably too large. 
However examples do exist with p = 2 and m = 1,2. 
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Proof. Let us assume for convenience that if p = 2 then m > 1. This 
implies that (5 does not act semiregularly on !8#. By Theorem I of [3], 8 acts 
irreducibly on B. By Clifford’s theorem all irreducible E-constituents of B 
are conjugate in 6. Since Z(E) is cyclic they are in fact all faithful. Let U be 
such an irreducible E-submodule of D and set R = {G E 6 1 UG C U}. Then 
@ A ‘%. Let x E U#. Then since 65 A 0 
Since the linear span of x6 is U we obtain UO, C U and hence 0, C ‘R. Thus 
%/C,(U) satisfies the same assumptions as 0 and it suffices to assume that 
%/C,(U) = 6 or equivalently that t% acts irreducibly on %. 
By Schur’s lemma, ‘u = C,(E) is cyclic. Now 2E acts irreducibly on %. 
Let GF(q”) be the minimal splitting field of %? as an %E-module. Since we are 
dealing with finite fields and 1 X(5 ( is prime to 4 by Clifford’s theorem we have 
and the & are all algebraically conjugate. Thus each %3i is faithful and hence 
dim !& = pm and 
n = dim 2) = spm. 
Also !Bi is a faithful absolutely irreducible %&module and Cu is central in the 
representation. Hence 1 ‘?I 1 ) q5 - 1. Since ‘u > Z(E) we have 
We now bound 1 8 I. Let B = C,(Z(E)) and K = C&5/Z(E)). Clearly 
[8 : b] / p - 1 if p > 2 and [6 : 931 1 2 if p = 2. Also S/E is contained 
isomorphically in the symplectic group SP(2m, p) and hence 
[B : q < (P”” - l)(pZ"-2 _ I)...&," _ l)p2m-IpZm-3 . ..p 
< p2m2+? 
We see easily that K/a & Z(E) x Z(E) x a** x Z(E) (2m times) so 
[E:%] <p2m (P > 2) 
d Prm (P = 2). 
Since I % 1 < qs we have finally 
ifp > 2 
ifp = 2 
I 93 I < p2m2+3mqs 
1 8 [ < (p - 1) p2ma+3mqs 
1 8 1 < p2m2+5m+lqs. 
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Let N denote the number of subgroups of 6 of order p. If p > 2, then all 
such subgroups are contained in b and hence N < / B l/(p - 1). For p = 2, 
N < 1 8 1 so we have 
ifp > 2 N < p2n~2+3mqs/(p - 1) 
ifp = 2 N <p2m2+5m+lqsa 
Let G E 6 be an element of order p. We show now that dim Cgl(S) < 
sp+l(2p - 1)lj2. This dimension is merely a function of the rank of the 
matrix 1 - G and hence it is invariant under field extension. In particular 
we can extend the representation to [GF(p)]“, the algebraic closure of GF(q). 
Suppose first that G $8 = C&(E)). This can only occur if p = 2 and 
1 Z((F)I = 4. Since p # q we see that 
as a D-module where 3 = (Z(E), G). H ere D is isomorphic to the dihedral 
group of order 8 and each %$ is faithful and absolutely irreducible. Obviously 
dim !X$ = 2 and dim (&I(G) = 1. Thus 
dim C%(G) = t = 4 dim B = spm-l < sp+l(2p - 1)lj2 
and the result follows here. 
Now let G E b and set 3 = ((E, G). Again as a D-module we have 
All the %$ are algebraically conjugate since 3 acts irreducibly on 9. If 
!-II3 = B3, we have clearly 
dim CD(G) = t dim C&(G). 
Since G centralizes Z(E) we see easily by properties of E that C5 acts irreducibly 
on 83. Hence dim )213 = pm and we see that s = t. If G E %, then &(G) = (0) 
so we are done. If GE 9E.E - ‘8, then x(G) = 0 where x is the complex 
character corresponding to 1113. Thus since G has order p we have 
and 
dim C&G) = (dim (m)/p = pm-l 
dimCs(G) = spm-l < spm-32p - 1)lj2. 
Now let G $ ‘u(E. We show that G 4 0, that is G does not centralize %/Z(E). 
We have %/9l ,CZ(%) x Z(E) x *a* x Z(e) (2m copies). Moreover a > (5 and 
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‘u(E/% is elementary abelian of order p am. If G E a, then since G has order p, 
G E %E, a contradiction. Thus G does not centralize E./Z&). 
We use the techniques of [2]((9 2.5). Let E denote the enveloping algebra 
of D on !!B. Let E be a primitive pth root of unity and suppose that Ed occurs 
as an eigenvalue of G with multiplicity ai . Then 
a, + a, + *a* + a,-, = dim %B = pm 
and 
ao2 + aI2 + *-* + &r = dimC,(G). 
As in [2] we can take as a basis for S a set of coset representatives of E/Z(E). 
In the action of G on E/Z(E) suppose we have b orbits of size p and c orbits 
of size 1. Then 
b.p+c=pzm 
and c = / C&(&G)I. Since G 4 K, c < p2*-l. As in [2] we see that 
dim C&(G) < b + c. 
The possible inequality here comes from the c term since G may fix a coset 
of Z(E) but not centralize any coset representative. Thus 
dim C,(G) < b + c = (p”” - c)/p + c 
= p-1 + c(p - 1)/p < p272p - 1). 
Hence a$ < dim C,(G) < ~~~-“(2p - 1) and 
a, = dim C&G) < ~~-‘(2p - l)lj2. 
Thus we have obtained the required bound in all cases. 
Let % be a set of generators one from each subgroup of 0 of order p. We 
have 1 !JI / = N. Since (5 does not act semiregularly we see that for some x E B#, 
p ( 1 6, I. Hence by half-transitivity we have for all x E %#, p 1 1 6, I. Thus 
B = u CL&G). 
GE% 
Now/ 231 =qspm, 1 CD(G)/ < qs~m-‘(2~-1)“2, and 
1 in I = N < p2mS+3mq8/(p - 1) forp > 2 
<p2na+5m+1 8 
!7 forp = 2. 
The above union implies that 
Q sBm < Nqs9m-1(29-l)1'z 
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and we obtain 
(*s)pm-pm-'(zp-l)li3-1 < p2m'+3w&/(p _ 1) forp > 2 (*) 
<*2m2+5m+1 forp = 2. 
If the exponent of 4” is negative, the equation we obtain below is obvious. If 
the exponent is nonnegative then since 4” > p we obtain by comparing expo- 
nents and ignoring the (p - 1) denominator 
pm-l(p - (2p - l)r/*) < 2m2 + 3m + I forp > 2 
< 2m2 + 5m + 2 forp = 2. 
The latter equation has the following solutions 
p=2 m < 11 
p=3 m< 5 
p=5 m= 1,2 
p=7 m= 1. 
NowpI @-- landhenceforp = 5,qs3 11. Withp = 5,m = 2,qs3 11 
equation (*) yields 514 > 4 (1 la), a contradiction. Hence this case does not 
occur. Ifp = 3, then q” > 4. Using 3 - 5 lt2 3 314 and ignoring the (p - 1) 
denominator, equation (*) yields with m = 5, p = 3, 3’j5 > 45g. Since 
45 > 36, this is a contradiction and m = 5, p = 3 does not occur. Finally if 
p = 2, then qs 2 3. Since 2 - 3i12 3 l/4 equation (*) yields with m = 11, 
p = 2, 22gs > 3255. Since 3a > 23 this is a contradiction and m = 11, p = 2 
does not occur. 
It remains to study the case m = 1, p = 5 and 7. Now 6 has the following 
structure. If b = C,(E’), then 6 3 9 3 2E. Also [6 : 1131  (p - 1) and 
sp 2 SP(2, p) = SL(2, p). 
Let N denote the number of subgroups of 6 of order p excluding the group 
E’. If S/YE contains h subgroups of order p then h < p + 1 and 
N~I’111P2~+P(P+~)~P(P+~)((qs-~)P+1)<P2(P+1)qs. 
Let su, = max dim C@(G) for G an element of order p. A closer look at our 
previous argument at m = 1 concerning a, shows that if p = 7 then a, ,( 3 
and ifp = 5 then a, <2. 
We have as before 
qsp < Nq”o 
so that 
(qy-@-1) < pyp + 1). 
If? = 7 this yields (q8)3 < 392 and hence q” < 7 = p, a contradiction. 
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Let p = 5. We obtain (q”)” < 150 and thus q8 < 12. Since 5 ] q8 - 1 we 
have ps = 11 and ] ‘(I j = 5 or 10. Since N > ~~(r-0) = 1 I3 we see easily 
that h f 0,l. Then EJ/%tE contains at least two subgroups of order p = 5 
and as is well known this shows that a/%@ N SL(2,5). Thus 3 1 ] B/YE / and 
3 r 1 ‘u 1. Let ‘% be a subgroup of % of order 3. Since 3 7 q - 1 we see that the 
nonprincipal irreducible representations of % over GF( 11) have degree 2. 
Since dim %? = 5 this shows that at least one of the irreducible constituents 
of B as an ‘%-module must be principal. Thus for all x E B#, 3 1 I (ljz 1. 
Let GE% -E‘ and say GEE% for some XE%J#. Since 3 / 1 Oz( and 
3 7 [6 : %] we see that for suitable % _C B - %E with I ‘% I = 3 we have 
!J C 6, . Now subgroups of order 3 in SL(2,5) act irreducibly so if ‘8 = (R), 
then (Ijo I (G, CR) = E, a contradiction. Hence m = 1, p = 5 and 7 do 
not occur. This completes the proof. 
PROPOSITION 2.2. There exists an integer valued function f(t) with the 
following property. Let 6 be any $nite group of automorphisms of elementary 
abelian group % and suppose that 6 acts half-transitively but not semiregularly on 
B#. Suppose 6 has a normal cyclic subgroup % such that all irreducible constitu- 
ents of B as an ‘U-module are similar. If [C&X) : %] < t and ‘u does not act 
irreducibly then / 6 / * ( %I / <f(t). 
Proof. Let 8 be as above. We use the notation of $1 of [4]. By assumption 
m > 2. Choose a prime p with p ) / 6, I for x E B# and let A, and A, be as in 
Lemma 1.3 of [JJ. By Lemma l.l(iv) of [4], ~/C&I) is cyclic. Thus we obtain 
easily 
4 < [WW : %I < t 
h, < [CQgx) : %] < t. 
By Lemma 1.4 of [d] we have easily 
q’ < (2 + 1y. 
Since I U I < qr and [6 : C&I)] < I ‘u 1 < qr we have 
I 8 I < t(2t + 1)” 
Moreover q < (2t + 1)” and since 6 acts irreducibly the degree n of the 
representation satisfies n < 1 6 I. Thus 
1 6 j * 1 93 I < t(2t + 1)4(2t + l)at’at+l+. 
We now obtain our classification of the solvable primitive groups. 
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PROPOSITION 2.3. There exists an integer t, with the following property. Let 
0 be a solvable group of automorphisms of elementary abelian group 2) where 
/ !B / = qn and suppose that 6 acts half-transitively but not semiregularly on B #. 
Suppose further that the representation of 6 on B is primitive. Then there exists 
a normal cyclic subgroup X of 6 with [C&X) : %] < t, . Hence zue have either 
(i) we can identify B with the additive group of GF(qn) in such a way that 
65 C Y(q”), or 
(ii) ] 6 1 * 1 D / < f(t,J where f is the function of Proposition 2.2. 
Proof. Let lj = F(6) be the Fitting subgroup of 6 and let 3, denote its 
normal Sylow p-subgroup. Since 0 is primitive it follows that every normal 
abelian subgroup of 6 is cyclic. Hence every characteristic abelian subgroup 
of 3, is cyclic. Such p-groups have been completely characterized. 
Suppose first that p > 2. Then either 5, is cyclic or 5, = Z(&)a. where 
Z(&) is cyclic, @ is a group of type E(p, m) and @ is characteristic in & . By 
Proposition 2.1, 3, is cyclic for p > 5 and ifp = 3 then %a = Z(&) & where 
either &a = (1) or 3, is type E(3, m) with m < 4. Moreover 3, A 6. 
Now let p = 2. Then @(&), the Frattini subgroup of ga , is cyclic. Either 
& has < 2 generators or %a has a characteristic subgroup % of type E(2, m) 
and ga has < 2m + 2 generators. Hence by Proposition 2.1, [& : @(g,)] < 222. 
Set 3 = @(S2)Z(S3> flDa5 5,. Th en % is a normal cyclic subgroup of 
6. Since 6 is primitive all irreducible constituents of ‘u are equivalent. We 
now bound [C&I) : %I. 
Set b = C&Q x = C&&J, ?I = G(S2/@(S2>>, and 3 = $(S,). We 
have clearly 
I B/X I d 38 I SP(8,3)1 
I WI I < I GL(222)l. 
Since 8 is solvable C6(F(Q)) C F(6). Th us we see easily that 3 C B2% since 
3 C X. By a theorem of P. Hall, g/3 is a 2-group. Since ‘II is central in g it 
follows that 9 is a normal nilpotent subgroup of 6. Hence also 9 C 3 and in 
fact I$ C &(u. Clearly 9 1 X so that 
This yields 
1 ?-B/a 1 < 3* * I SP(8,3)/ * 222 * 1 GL(22,2)) = t,, . 
If X acts irreducibly on % then (i) follows by Lemma 1.1 of [4]. On the other 
hand if 9l does not act irreducibly, then (ii) follows from Proposition 2.2. 
This completes the proof. 
SOLVABLE $-TRANSITIVE PERMUTATION GROUPS 207 
3. PROOF OF THE MAIN THEOREM 
The proof of the main theorem now follows easily. Let $r be the given 
solvable 3/2-transitive permutation group and assume that 5 is not a Frobe- 
nius group. By Theorem 10.4 of [5], $ is primitive. Let %I be a minimal 
normal subgroup of $5. Then !D is elementary abelian of order 4”. Since & is 
primitive, !8 is transitive and hence regular. Let 01 be a point in the permuted 
set and let 6 = & . By Theorem 11.2 of [5], 6 is an automorphism group 
of !8 which acts half-transitively on % #. Also 6 does not act semiregularly 
since 5 is not a Frobenius group. Thus Propositions 1.3 and 2.3 apply. 
Now if %I can be identified with the additive group of GF(q”) i GF(qw) 
in such a way that 65 = Yo(qw), then clearly $5 N Yo(qw). Also if I’ can be 
identified with the additive group of GF(qn) in such a way that 6 C F(q”), 
then clearly 8 2 9’(q*). In the remaining cases we have a bound on 
1 6 1 * 1 ?I 1 = 1 & / and thus there are at most a finite number of exceptions. 
This completes the proof. 
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